Holographic dark energy with time depend gravitational constant in the
  non-flat Ho$\check{r}$ava-Lifshitz cosmology by Saaidi, Kh. et al.
ar
X
iv
:1
00
6.
18
34
v2
  [
gr
-q
c] 
 25
 O
ct 
20
10
Holographic dark energy with time depend gravitational
constant in the non-flat Horˇava-Lifshitz cosmology
a,bKh. Saaidi1 • bA. aghamohammadi2 •
aM. R. Setare3
Abstract We study the holographic dark energy on
the subject of Horˇava-Lifshitz gravity with a time de-
pendent gravitational constant (G(t)), in the non-flat
space-time. We obtain the differential equation that
specify the evolution of the dark energy density param-
eter based on varying gravitational constant. we find
out a relation for the state parameter of the dark en-
ergy equation of state to low redshifts which containing
varying G corrections in the non-flat space-time.
Keywords Dark energy; future event horizen; Horˇava-
Lifshitz; gravitation constant;
1 Introductions
The observation that universe appears to be accelerat-
ing currently has caused one of the important probes
to modern cosmology. Observational data such as,
the type Ia (A.G. Riess et al ), supernovas cosmic mi-
crowave background (D. N. Spergel et al ), and large-
scale structure (M. Tegmark et al ), indicates that
the accelerated expansion of the universe is not pro-
ceeding as that predicted by general relativity. A
first direction that could provide an explanation of
this remarkable phenomenon is to introduce the con-
cept of dark energy, with the most obvious theoreti-
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cal candidate being the cosmological constant. How-
ever, at least in an effective level, the dynamical na-
ture of dark energy can also originate from various
fields, such is a canonical scalar field (quintessence)
(B. Ratra and P. J. E. Peebles ), a phantom field, that
is a scalar field with a negative sign of the kinetic term
(R. R. Caldwell ), or the combination of quintessence
and phantom in a unified model named quintom
(B. Feng, X. L. Wang ang and X. M. Zhang ). The
second direction that could explain the acceleration is
to modify the gravitational theory itself, such is the gen-
eralization to f(R)-gravity (S. Nojiri et al ), scalar ten-
sor theories with non-minimal coupling (L. Perivolaropoulos )
etc.
Although, there isn’t a quantum theory of gravity,
one can proceed to investigate the nature of dark
energy based on some principles of quantum grav-
ity. Currently, an interesting such an attempt is the
so-called “Holographic Dark Energy” (HDE) proposal
(S. D. H. Hsu ). The HDE is defined by
ρΛ = 3c
2M2pL
−2, (1)
where c2 is a numerical constant of order unity and
Mp is denoted the reduced planck mass M
−2
p = 8πG.
The holographic dark energy scenario has been tested
and constrained by various astronomical observations
(Q. G. Huang et al ) and it has been extended to vari-
ous frameworks (Q. G. Huang et al ; K. Enqvist et al ;
L. Amendola ).
There are significant indications that Newton’s “con-
stant” G can by varying, being a function of time or
equivalently of the scale factor (S. D’Innocenti et al ).
In particular, observations of Hulse-Taylor binary pul-
sar (Damour T.,et al ; G. S. Bisnovatyi-Kogan et al ),
helio-seismological data (D.B. Guenther et al ), and
astereoseismological data from the pulsating white
dwarf star G117-B15A (M. Biesiada et al ) lead to
2∣∣∣G˙/G∣∣∣ / 4.10×10−11yr−1, for z . 3.5 ( S. Ray and U. Mukhopadhyay ).
Thus, in previous paper (M. R. Setare et al ), we in-
vestigated the holographic dark energy scenario under
a varying gravitational constant in the framework of
Horava-Lifshitz gravity and we extracted the corre-
sponding corrections to the dark energy equation-of-
state parameter.
Recently, a power-counting renormalizable, ultra-violet
(UV) complete theory of gravity was proposed by
Horˇava in ( P. Horava ,P. Horava ,P. Horˇava ). Al-
though presenting an infrared (IR) fixed point, namely
General Relativity, in the UV the theory possesses a
fixed point with an anisotropic, Lifshitz scaling between
time and space of the form xi → ℓ xi, t → ℓz t, where
ℓ, z, xi and t are the scaling factor, dynamical critical
exponent, spatial coordinates and temporal coordinate,
respectively.
n the present work we are interested to study the Holo-
graphic dark energy in framework of Horˇava-Lifshitz
gravity. We extend previous study (M. R. Setare et al )
to the non-flat case and we want consider the effect of
curvature constant of non flat space on the resalts which
is obtained in the flat space, it is seen that the resonable
range of λ Eq.(3) in non flat space is larger than answer
range of λ in flat space . The paper is organized as fol-
lows: in the next section we found the holographic dark
energy with gravitation constant depend on time and
derive the differential equation that specify the evolu-
tion of dark energy parameter. In Sec. 3, we obtain the
parameter of the dark energy equation of state at the
low redshift. Eventually, the latter section is devoted
to conclusion.
2 Holographic Dark Energy With
Gravitational Constant Depend on Time in a
non-flat Universe
In the case where the space-time geometry is a non-flat
Robertson-Walker:
ds2 = dt2 − a2(t)
(
1
1− kr2 dr
2 + r2d2Ω
)
. (2)
with a(t) the scale factor, in comoving coordinates
(t, r, θ, ϕ), where k denotes the spacial curvature with
k = −1, 0, 1 corresponding to open, flat and closed uni-
verse respectively. In this case, the first Friedmann
equation in the framework of Horˇava-Lifshitz gravity
writes (M. R. Setare et al ):
H2 =
κ2
6 (3λ− 1)ρ−
βk
a2
, (3)
where, ρ = ρm + ρΛ is the energy density, ρm =
ρm0a
−3 and ρΛ are dark matter density and dark en-
ergy density respectively, λ is a dimensional constant
and β = κ
4µ2Λ
8(3λ−1)2 . Here κ
2 = 8πG, and ρm0 indi-
cate the present value that quantity. Then, from the
Eq.(3), we introduce the effective density parameter
ΩΛe =
ΩΛ
2(3λ−1) ≡ 8piG6(3λ−1) ρΛH2 . Substituting the Eq.(1)
into ΩΛ we obtain:
ΩΛe =
c2e
H2L2
, (4)
where ce = c/
√
2 (3λ− 1). In this case, the cosmologi-
cal length L in (4) is considered to be (Q. G. Huang et al):
L ≡ a(t)√|k| sinn
(√
|k|y
)
, y =
dh
a(t)
(5)
where
1√
|k|sinn(
√
|k|y) =


sin y k = +1,
y k = 0,
sinh y k = −1.
(6)
and dh is the future event horizon defind by
dh(a) = a
∫
∞
t
dt′
a(t′)
= a
∫
∞
a
da′
Ha′2
. (7)
Henceforth, we will use ln a, as an independent variable.
Therefore, we define, X˙ = dXdt , and X
′ = dXd ln a , so that
X˙ = X ′H . A straightforward calculation using (4) and
(3) leads to (M. Jamil ):
Ω′Λe
ΩΛe
= 2
(√
ΩΛe
ce
cosn(
√
|k|y)− 1− H˙
H2
)
. (8)
where
cosn(
√
|k|y) =


cos y k = +1,
1 k = 0,
cosh y k = −1.
(9)
In order to clarify the effect of variety G on the ΩΛe,
we should to get rid of H˙ into Eq. (8). In this regard,
differentiation of the Friedmann equation give rise to
H˙ =
2π
3 (3λ− 1) [G
′ − 3G (1 + ω)] ρ+ βk
a2
, (10)
where, we using from the fluid equation, ρ˙ = −3H(1 +
ω)ρ. Since, ω is
ω =
ωΛρΛ
ρ
=
ωΛΩΛe
Ωme +ΩΛe
. (11)
3The Eos parameter for HDE is given by
ωΛ = −
(
1
3
+
2
√
ΩΛ
3c
)
. (12)
Substituting the Eqs. (11), (12) into the Eq. (10) gives
H˙
H2
=
G (Ωme +ΩΛe)
2
− 3 (Ωme +ΩΛe)
2
+
ΩΛe
2
+
ΩΛe
3/2
ce
− Ωke , (13)
where Ωke = βΩk = −βk/a2H2, is the curvature pa-
rameter and G = G′/G
Ω′Λ
ΩΛ
=
2
√
ΩΛe
ce
cosn(
√
|k|y) + (1− Ωke)(1 − G)− ΩΛe
− 2Ω
3/2
Λe
ce
. (14)
3 Some Cosmology Application
Here, we should follow up an expression related to the
state parameter of equation at the present time. Since
we have extracted the expressions for Ω′Λ, we can cal-
culate w(z) for small redshifts z, performing the stan-
dard expansions of the literature. In particular, since
ρΛ ∼ a−3(1+w) we acquire Expanding ρΛ we have:
ln ρΛ = ln ρ
0
Λ+
d ln ρΛ
d ln a
ln a+
1
2
d2 ln ρΛ
d(ln a)
2 (ln a)
2
+· · · , (15)
here, the derivatives are taken at the present time a0 =
1. Then, w(z) is given in the small red shifts ln a =
− ln(1 + z) = −z up to second order, as:
ω(z) = −1− 1
3
(
d ln ρΛ
d ln a
− 1
2
d2 ln ρΛ
d(ln a)
2 (z)
)
. (16)
We can rewrite (16) as:
ω = ω0 + ω1z. (17)
Since
ρΛ =
3 (3λ− 1)H2ΩΛe
4πG
=
ΩΛeρm
Ωme
=
ρm0ΩΛea
−3
1− ΩΛe − Ωke
,
(18)
after some calculation, and some simplification we
achieve to ω0, ω1 as follows:
ω0 = −1
3
[
Ω′keΩΛe + (1− Ωke)Ω′Λe
]
ΩΛe (1− ΩΛe − Ωke)
(19)
ω1 =
1
6
[(
Ω′Λe
ΩΛe
)′
+
Ω′′Λe +Ω
′′
ke
(1− ΩΛe − Ωke)
]
+
1
6
(
Ω′Λe +Ω
′ke
)2
(1− ΩΛe − Ωke)2
(20)
Now, substituting Eq.(14) into Eqs.(19), (20) we ob-
tain:
ω0 =
−1
3
(
Ω′ke + (1− Ωke)χ
1− Ωke − ΩΛe
)
(21)
ω1 =
1
6
[
(1− Ωke)
(
χ2 +ΩΛeζχ− ξ
)
1− Ωke − Ωke
]
+
1
6
[
−χ2 + ΩKe
′′
1− ΩΛe − Ωke
]
+
1
6
Ω2Λeχ
2 + 2ΩΛeχΩ
′
ke
(1 − ΩΛe − Ωke)2
(22)
where, χ, ζ, ξ are define as follows:
χ = 2
ΩΛe
ce
cosn(
√
|k|y) + (1 − Ωke)(1− G)
− ΩΛe −
2ΩΛe
3/2
ce
,
ζ =
1
ce
√
ΩΛe
cosn(
√
|k|y)− 1− 3ΩΛe
1/2
ce
, (23)
ξ = +Ωke
′(1 − G) + G′(1− Ωke)
− 2
√
ΩΛe |k|
aHce
sinn(
√
|k|y).
In the following, we want compare the diagram of the
state parameter equation at the present time versus
λ on both flat space and non-flat space for different
redshifts. In the Fig.1 we have plotted the equation
of state parameter ω, versus λ on both flat and non
flat space time for z = 0.01 and G = 0.2 and small
Ωke. We have obtained interval ∆λ1 = (0.32, 0.93) and
∆λ2 = (0.24, 1.132) for flat space time (a)and non flat
space time (b) respectivly, in which ω accept the al-
lows values between (−1, 1). as well as this action in
the Fig.2 and Fig.3, also have plotted for z = 0.5, and
z = 0.9 on both flat (a) and non flat (b) space time
respectivly. It is clearly seen that is ∆λ2 > ∆λ1. This
result show that the suitable interval for λ which ω ac-
cept the values between (−1, 1) in non flat space time
is larger than the relevant interval with flat space time.
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Fig. 1 the diagram Variations the state parameter, ω
with respect to λ:(a) for flat space tim. (b)non flat space
time.
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Fig. 2 the diagram Variations the state parameter, ω
with respect to λ for z = 0.5 : (a) for flat space time.It is
seen that the interval (0.32, 0.857) is satisfyed for λ in which
ω accept the allows values between −1, 1. (b) for non flat
space time. .It is seen that interval (0.32, 0.89) is satisfyed
for λ to the same interval of ω.
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Fig. 3 the diagram Variations the state parameter, ω
with respect to λ for z = 0.9: (a) for flat space time. It is
seen that the interval (0.32, 0.825)is satisfyed for λ in which
ω accept the allows values between −1, 1. (b)on non flat
space. It is seen that the interval (0.32, 0.827) is satisfyed
for λ in which ω accept the allows values between (−1, 1),
4 Conclusion
Astrophysical observations imply that the state param-
eter of dark energy must be changeable on the cosmic
time. In this regard, one obvious contender is the holo-
graphic dark energy. In the HDE, the parameter c can
take the various values, but we set c = 1. In this pa-
per we have discussed the holographic dark energy whit
the time dependent gravitation constant in the frame-
work of Horˇava gravity in the non flat universe. By
evaluating Eqs. (21), (22), and their diagram, it is con-
siderable that anyone from values of limeted λ gives
a suitable estimate from the state parameter, which is
agreeable with experience data. Choosing ΩΛ = 0.73,
for the average vlue 0.32 < λ < 0.84, one can attain to
−0.4 < ω < 1 in flat and nonflat space time and the
only effect of the curvature constant is that the inter-
val of the λ variations outgrow lightly from that one .
However, by applying the term curvature and the cos
term due to curvature parameter, although variation of
ω isn’t notable, nevertheless these could be significant
in the overall of cosmological evaluation. The last state-
ment is that, however, the effect of variation k is very
small, but it has an important role in the evolution of
cosmological and it is shown that the equation of state
of dark energy for lower red shift is generalized due to
contribution of applying k.
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